Abstract. Let w be an element of the Weyl group of sl n+1 . We prove that for a certain class of elements w (which includes the longest element w 0 of the Weyl group), there exist a lattice polytope w i R`( w) , for each fundamental weight ! i of sl n+1 , such that for any dominant weight = P n i=1 a i ! i , the number of lattice points in the Minkowski sum w = P n i=1 a i w i is equal to the dimension of the Demazure module Ew( ). We also de ne a linear map A w : R`( w) ?! P Z R where P denotes the weight lattice, such that char Ew( ) = e P e ?A w (x) where the sum runs through the lattice points x of w .
Introduction
In this paper, we present some results concerning the rst of a two-part programme to prove the existence of degenerations of Schubert varieties of SL(n) into toric varieties (by degeneration of a Schubert variety into a toric variety, we mean a at deformation where the generic bre is a Schubert variety and the special bre is a toric variety). This involves the construction of the lattice polytope which in turn, in the second part of the programme, will provide the toric variety into which the corresponding Schubert variety degenerates. In this direction, Gonciulea and Lakshmibai G-L] recently proved such degenerations for Schubert varieties in an arbitrary miniscule G=P, as well as the class of Kempf varieties in the ag variety SL(n)=B. For an arbitrary G of rank two, this has been proved by one of the authors D2].
Let us describe our results more precisely. Fix n 2 N and K an algebraically closed eld of characteristic 0. Let b be a Borel subalgebra of sl n+1 (K) and h b a Cartan subalgebra. Let i , i = 1; ; n, be the corresponding set of positive simple roots so that < i ; _ j >= a ij where (a ij ) i;j is the Cartan matrix, and let ! i be the corresponding fundamental weights. Denote by P, P + , W,`(?) and respectively the weight lattice, the set of dominant weights, the Weyl group which is just the symmetric group of n+1 letters, the length function and the Bruhat order on W. Let 2 P + and w 2 W. Set V to be the nite-dimensional irreducible representation of highest weight , v w to be a non-zero weight vector of weight 2 R. DEHY AND R. YU w and E w ( ) to be the b-module U(b)v w which is called the Demazure module Dem] associated to w. Set W i to be the stabilizer of ! i in W and W i the quotient W=W i . Endow W i with the induced Bruhat order that we shall denote equally by and if 2 W i , then we shall denote by`( ) the induced length of , which is the minimum of the lengths of representatives of .
The representation theory of a semisimple algebraic group G is closely related to the geometry of Schubert varieties (in particular G=B) since the Demazure modules can be realized as the global sections of line bundles over Schubert varieties. Degenerations of Schubert varieties into toric varieties will allow us to study the geometry of the former via toric varieties which are combinatorial. Let = P i a i ! i be a dominant weight, then the dimension of E w ( ) is a polynomial in the variables a i of degree`(w) because the dimension of its dual E w ( ) can be described as the Euler characteristic of the ample line bundle N i L ai !i over the Schubert variety associated to w in G=P ( F, 18.3.6] or Br, 2.3] ). Whereas, given convex lattice polytopes i in R`( w) , a theorem of Ehrhart E] implies that under the condition that a lattice point in the Minkowski sum := These facts lead us to construct a polytope w i for each fundamental weight ! i and then we form the appropriate Minkowski sum.
We prove rst in this paper the case where w = w 0 , the longest element of the Weyl group W. Theorem 1.1 { There exist lattice polytopes i R`( w0 ) , i = 1; ; n, such that for any = P n i=1 a i ! i 2 P + , the number of lattice points in the Minkowski sum := P n i=1 a i i is the dimension of the irreducible representation V .
Polytopes satisfying theorem 1:1 (although there was no mention of the Minkowski sum decomposition, they do have a Minkowski sum decomposition) have been constructed using Gelfand-Tsetlin patterns in G-Z], K-B], by Berenstein and Zelevinsky B-Z] and by Littelmann L2] via the combinatorics of Lakshmibai-Seshadri paths.
Our polytope is di erent and it turns out that the toric variety associated to this polytope is the same as the one constructed by Gonciulea and Lakshmibai in G-L] . In fact the Minkowski sum decomposition gives a direct link between lattice points and the standard monomial basis (see L3], L-S]) of the irreducible representation since we can prove that a lattice point of can be written as a sum over i of a i lattice points of i .
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Furthermore, since standard monomial theory exists also for Demazure modules (and for other simple algebraic groups), we believe that our construction can be generalized to any simple algebraic group G as follows: Conjecture 1.2 { Let w 2 W. There exist lattice polytopes w i R`( w) , i = 1; ; n, such that for any = P n i=1 a i ! i 2 P + , the number of lattice points in the Minkowski sum w := P n i=1 a i w i is the dimension of the Demazure module E w ( ).
As a matter of fact, the polytopes i constructed in theorem 1:1 are such that the vertices fv g 2Wi are indexed by W i . We believe that w i of the conjecture can be chosen as the convex hull of fv g w embedded (by a permutation of coordinates) in R`( w) .
Indeed, we prove that this is true when w can be written in a certain way (see section 7 for details). Unfortunately, this does not cover all the elements of the Weyl group except in the case where G = SL(2) or SL(3). By weakening to a notion called polytopes with integral structure, one of the authors proved in D1] that one can construct a polytope with integral structure for any w 2 W such that the number of lattice points in the polytope is the dimension of the associated Demazure module. However, there is no Minkowski sum decomposition and these polytopes do not provide directly toric varieties.
This paper is organised as follows. In section 2, we construct for each fundamental weight ! i a lattice convex polytope i whose vertices are indexed by the set W i .
We shall prove later in section 5 that i is triangulable by primitive simplices parametrized by maximal chains. We then present an example in section 3. In sections 4,5 and 6, we show how, in the case where w = w 0 , a lattice point in the Minkowski sum P n i=1 a i i can be written as a sum over i of a i lattice points of i , and that these points exhaust the dimension of the irreducible representation V where = P n i=1 a i ! i . Sections 7 and 8 contain a discussion of the case of Demazure modules where we specify and prove the cases where the conjecture is true. We give another example in section 9 and nally, in section 10, we present applications of our results concerning combinatorial descriptions of weight multiplicities as lattice points of a polytope with rational vertices.
We shall use the above notations throughout this paper. Furthermore, let s 1 ; ; s n be the re ections associated to the positive simple roots. Proof { The rst two assertions are direct consequences of the de nition of ' i . For part c), notice that the points '( 1 ); ; '( (n?i+1)i ) are linearly independent and '(1) is zero in R`( w0 ) . So S c is a simplex. Since '( 1 ); ; '( (n?i+1)i ) can be obtained from the canonical basis via a matrix (with integer entries) of determinant 1 or -1, the volume of S c is 1=((n ? i + 1)i)!.
We deduce from our de nition the following properties between the polytopes i .
Proposition 2.4 { a) The intersection of i and j is f0g whenever i 6 = j. b) Let x = P p;q x pq e pq 2 i , then x pq = 0 if p < n ? i + 1. c) If x = P p;q x pq e pq 2 i is such that x st 6 = 0, then x st 0 6 = 0 for all t 0 = t; t + 1; ; r s+i?n .
Proof { Assertions b) and c) are straightforward. So let us prove a). We can assume that i < j. Notice that the coe cient of e ni for any non-zero element of i is non-zero while it is zero for any element of j . Thus a) follows. Let = P n i=1 a i ! i be a dominant weight (thus each a i 2 N) and V be the irreducible sl n+1 -module of highest weight .
De nition 2.5 { We de ne the polytope to be the Minkowski sum P n i=1 a i i .
Since the i 's are lattice convex polytopes, the polytope is also a lattice convex polytope. We can now state our theorem in the case where w = w 0 :
Theorem 2.6 { The number of lattice points in is equal to the dimension of V .
Example
The rst interesting example is sl 4 . The images of (0) One then veri es easily by hand that a lattice point of 1 + 3 is the sum of a lattice point of 1 and a lattice point of 3 . Hence a quick computation shows that the lattice points are the ones in 1 Thus there are 15 lattice points in 1 + 3 which is the dimension of sl 4 .
Remark that '(2) + '(0; 1; 3) = '(3) + '(0; 1; 2) is the only sum repeated here.
This can be seen to correspond to the tensor product decomposition However this association is not necessarily injective (that is, a lattice point can be the image of another element in W( )). We claim that with respect to a certain a i . It is clear that the induction hypothesis holds for a = 1. (In fact, by max-min of lemma 4:2, it holds equally for a = 2).
Let us now suppose that the induction hypothesis holds for a ? 1. Let r be maximal such that a r 6 = 0. By the induction hypothesis, we can suppose that 0 = n f rar g satis es the conditions (i) and (ii) of the proposition.
We shall now divide 0 into three disjoint totally-ordered sets. Let E = f ij j ij rar g; E = f ij j ij rar g and E 0 = f ij j ij and rar are not comparable g.
Note that the elements of E are all in W r . If E 0 is empty, then we can insert rar in the sequence to obtain a totally-ordered sequence and hence by rearranging the subscipts, we obtain an element of W( ) satisfying the required conditions. Suppose now that E 0 is not empty. Then rar is in neither E , E nor E 0 . Let be the maximal element in E 0 . By max-min of lemma 4:2, replacing and rar by max( ; rar ) and min( ; rar ) does not alter the sum via '. Furthermore, if we let E 0 , E 0 and E 0 0 be the new partition as de ned above relative to 0 rar = max( ; rar ), then the cardinal of E 0 0 is strictly less than E 0 since min( ; rar ) will belong to E 0 .
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Now repeat the same procedure until E 0 is empty and we have the existence since E 0 is a nite set.
Let us turn to the uniqueness which is a consequence of the following lemma:
Lemma 4.5 { Let r and s be two distinct elements of W i . Then there exist k, m k such that one of the following conditions are satis ed: i) the e km k -coordinate is 1 for '(r) and the e k`-coordinate for '(s) is 0 for all m k ` k. ii) the e km k -coordinate is 1 for '(s) and the e k`-coordinate for '(r) is 0 for all m k ` k. We can now nish our proof. Let and 0 = f 0 ij g be two elements in W( ) satisfying the conditions of the proposition. Let r be maximal such that a r 6 = 0. rar . Now by induction on a, the sum of the a i 's, the elements , 0 must be the same (the case a = 1 is equivalent to the fact that ' is an embedding). Remark 4.7 { In fact, the existence part of proposition 4:4 can be proved with semi-standard Young tableaux since it involves only max-min of lemma 4:2 and not the explicit embedding. The idea is to put the maximal entry of each column at the top row and then use induction which is roughly what we have done.
Characterization of lattice points in
Let = P n i=1 a i ! i be a dominant weight. Recall from de nition 3:2 that is the Minkowski sum P n i=1 a i i , where 1 ; : : : ; n are the polytopes associated to the fundamental weights ! 1 ; : : : ; ! n which were de ned in section 2. In this section we shall prove the following theorem: Theorem 5.1 { A lattice point in the Minkowski sum P n i=1 a i i can be written as the sum of a 1 lattice points in 1 , a 2 lattice points of 2 and so on.
As in the previous section, denote by W the union over all i of W i equipped with the partial order de ned in the same section, and for any dominant weight , denote by W( ) d the set of elements in W( ) satisfying property i) of proposition 4:4. Let = f ij g i;j be an element of W( ) d , we shall denote by C ( ) the convex cone generated by f'( ij )g i;j . 
Proof { We shall prove the lemma by induction on the
The assertion is obvious when the sum is 1. So let us suppose that the sum is strictly bigger than one. Let l be maximal such that a l > 0. By the induction hypothesis, we can assume that f ij g i=1; ;l; j=1; ;ai n f la l g satis es i) and ii) of the lemma. For simplicity we shall denote la l by and q = p la l . from which we can compress into a chain f 0 ij g where i = 1; ; l and j = 1; ; a 0 i satisfying i), ii) and iii) of the lemma (look at the coe cents). Therefore we have
We now observe that the length of the remaining elements M cd l ; ; M rs l are strictly greater than that of . Thus we can repeat the same reasoning and the lemma is proved because there is a maximal element in W l . Assume that 1 6 = 1 . Writing 1 = (s 1 ; ; s i ) and 1 = (t 1 ; ; t i ). By lemma 4:5, there exists a coordinate e pq which is non-zero on the left hand side of ( ), whereas it is zero on the right hand side (because 1 is maximal in the chain c 0 ).
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So we have a contradiction and therefore 1 = 1 .
Without loss of generality, we can suppose p 1 q 1 . We can then rewrite ( ) as follows:
Consequently, we must have p 1 = q 1 . Now by repeating the same argument (or use induction on`+ m) on ( ), we conclude that`= m, p j = q j and j = j for all j = 1; ;`. That is c = c 0 . Thus the corollary is proved. 6. End of proof of theorem 2:6
By theorem 5:1, an integral point in is a sum over i of a i lattice points of i .
Hence by theorem 4:6, the set of lattice points of is in bijection with the set of semi-standard Young tableaux of type . Now by a classical result from the theory of invariants (see for example F-H] or M]) that the number of semi-standard Young tableaux of type is exactly the dimension of the sl n+1 -module V . Thus theorem 2:6 is proved.
The case of Demazure modules
In the previous sections, we explained how to construct for each fundamental weight a polytope i whose vertices are indexed by the set W i . Let W w i be the set f 2 W i j wg where w is the class of w in W i . Then we can de ne the polytope w i to be the convex hull of the set of vertices of i corresponding to the set W w i .
It is clear that the vertices of w i are indexed by the set W w i . We would like to embed w i in R`( w) in such a way that given a dominant weight = P i c i ! i , the number of lattice points in P i c i w i is the dimension of the Demazure module E w ( ). For some w we can construct such an embedding. In this section we shall describe this embedding and explain why it works.
Recall that W is considered as the permutations of the set f0; 1; ; ng, with sim- A part of w is connected if it is not the product of two distinct parts of w. It is clear that w is the product of connected parts, say w = P 1 P l , and that when 1 i 6 = j l, then P i commutes with P j . Theorem 7.2 { Suppose that w 2 W is either the identity or else each connected However, a case by case analysis shows that, by using the same construction, the theorem is true in these cases.
3) Let be a dominant weight. If w 0 w modulo W , the stabiliser of , then E w 0( ) = E w ( ). Therefore, if we can nd a w satisfying the conditions of theorem 7:2, then the number of lattice points in m w is equal to the dimension of E w 0(m ) for any m 2 N.
In particular, such elements can always be found in the case of fundamental weights (that is, when the stabiliser is W i for some i).
Let us x w = s(a 1 ; b 1 )s(a 2 ; b 2 ) s(a k ; b k ).
Let us make the idea behind our embedding more precise. Since w i is the convex hull of its vertices and that the vertices are in one-to-one correspondence with the elements of W w i , we simply need to specify the image of the vertex corresponding to an element 2 W w i , denoted by ' w i ( ). We have = (r 1 ; ; r i ) = s(r 1 ; n ? i + 1)s(r 2 ; n ? i + 2) s(r i ; i): 16 R. DEHY AND R. YU
The following description of ' w i ( ) may seem vague, but with the example that follows it will become more transparent. We shall index the standard basis of R`( w) 
Proof of theorem 7:2
We shall rst prove that the conditions i) and ii) of theorem 7:2 give nice properties on p i . Then we shall de ne a partial order on the union of W w i similar to the one given in section 4. Finally, we prove theorem 7:2 by showing that there is a one-toone correspondence between lattice points in and the standard monomial basis of the Demazure module E w ( ).
In and so on.
Proof { This theorem is the analogue of theorem 5:1, and it can be proved similarly. The key point is that the proofs of theorem 5:1 and theorem 5:2 only require a partial ordering equipped with a max-min operation satis ng lemma 4:3 and 4:5. The analogues of lemma 4:3 and 4:5 can be easily shown.
